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Geometrical Frustration

?



Famous Frustrated lattices

RE-Garnet (RE3Ga5O12)

Pyrochlore
Lattice

Kagomé
Lattice

SrCr xGa12-xO19

Jarosite: AB3(OH)6(SO4)2

(A=Na, K, NH4...., B=Fe, Cr...) A2B2O7 
( A= Rare Earth,... ;B= Ti, Sn, Mo, Ru...)

AB2O4 b-Pyrochlore
Lattice
KOs2O6

superconductor <9.6 K



Magnetic Energy Terms
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Famous examples
Spin glass
randomly frozen
Y2Mo2O7

Spin ice
frozen local order
Ho2Ti 2O7, Dy2Ti 2O7

Spin liquid
(Cooperative paramagnet)
very dynamic
Tb2Ti 2O7

Spin slush
partially ordered
Gd2Ti 2O7

Spin Chirality
transition metal sites
Nd2Mo2O7

.

Science. 291, 2573 (2001)

J. Phys. Cond. Matter. 16, L321 (2004)

XY pyrochlore

2-D
Yb2Ti 2O7

PRL, 103, 227202(2009)



Pyrochlore lattice



Magnetic ground state

Quantum phenomena

Magnetic phase separation

Novel magnetic phases

What are the Challenges?
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Ho2Ti 2O7, Dy2Ti 2O7, and Ho2Sn2O7 :spin ice, the most extensively studied 
in the past 10 years



Spin Ice



Zero point entropy:

S/kBN=ln2 – (1/2)ln(3/2)

X Ke et al., PRL, 99,137203 (2007).R. Moessner et al., Physics Today, Feb.,24 (2006).



Neutron Diffraction

Spin Ice Data
From PRISMA, ISIS at 100 mK

nn Spin Ice

Dipolar
Spin Ice

S.T. Bramwell et al., PRL, 87,047205 (2001).



Field in 111 direction: two dimensional Kagome ice 
(dimensional reduction in a field)

Figure 1 Spin ice and kagome ice. a, In a moderate field applied along the trigonal 
axis ([111]), the pyrochlore lattice can be viewed as stacked kagome planes (red),
separated by pinned interstitial spins (grey). A modified ice rule operates on the 
kagome planes and the spin configurations can be mapped onto a dimer model on 
the honeycomb lattice (green/cyan). b, In high fields, the ice rule is broken and a 
fully ordered structure (upper tetrahedron) is formed. The transition from kagome 
ice to long-range order shows a liquid–gas critical point in Dy2Ti2O7 (ref. 5) and 
in Ho2Ti2O7 a critical point of unknown type (see the main text and Fig. 5). c, The 
three phases are revealed by the magnetic Bragg scattering, which shows two 
plateaux, the first for kagome ice and the second for the fully ordered state.

T. Fennell et al., Nature Physics, 3, 566 (2007).

[111]



Field in 111 direction (continued.)

Simulated by 
nearest-neighbor 
spin-ice model

H=0T

H=1T

H=1.6T



Field in 110 direction

Z.Hiroi et al., J. Phys. Soc. Jpn, 12,3045 (2003).

T. Fennell et al., PRB, 72,224411 (2005).

Short-range & long-rang orderings coexistence



Field in 100 direction

T. Fennell et al., PRB, 72,224411 (2005).

3-D Kasteleyn transition, PRL, 100,067207 (2008).



a

dc

b

e

Figure 2 | Mapping from dipoles to dumbbells. The dumbbell picture (c, 
d) is obtained by replacing each spin in a and b by a pair of opposite 
magnetic charges placed on the adjacent sites of the diamond lattice. In 
the left panels (a, c), two neighbouring tetrahedra obey the ice rule, 
with two spins pointing in and two out, giving zero net charge on each 
site. In the right panels (b, d), inverting the shared spin generates a pair 
of magnetic monopoles (diamond sites with net magnetic charge). This 
configuration has a higher net magnetic moment and it is favoured by 
an applied magnetic field oriented upward (corresponding to a [111] 
direction). e, A pair of separated monopoles (large red and blue
spheres). A chain of inverted dipoles (‘Dirac string’) between them is 
highlighted in white, and the magnetic field lines are sketched.

NATURE| Vol 451|3 January 2008 p.43

Theoretical prediction in 2007

When in an excited state

http://www.lps.u-psud.fr/IMG/pdf_moessner.pdf



Ho2-xYxTi 2O7
Single crystals were grown 
from IR furnace (Physics Dept., 
U. of Warwick, UK)

1 cm
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DNS@FRM-II, Germany
Diffuse Neutron Scattering 

Dr. Y. Su
Prof. Dr. Th. Brückle



(1-10)
Spin-flip channel

Non-Spin-flip channel

z-direction

Polarized neutrons sample
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are the components of the magnetic scattering cross section in and out 
of the (h, h, l) scattering plane respectively. 

ISI is the total nuclear spin incoherent scattering cross section, and 

Each tetrahedron in the pyrochlore stucture has four spins, and for a general scattering vector all four spins contribute 
to the SF channel, but only two spins contribute to the NSF scattering since the other two have no z-component due 
to the local <111> Ising anisotropy.

is the nuclear coherent scattering cross section
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Ho2Ti2O7

Diffuse scattering 
at spin-flip 
channel

The main differences:

• the intensities at (0,0,0)

• pinch points at (1,1,1), (0,0,2)

• scattering at (2/3,2/3,2/3)



Ho2Ti2O7
Diffuse scattering at non-
spin-flip channel

30 mK 2 K

Summations of spin-flip & 

non-spin-flip channels
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S.-H. Lee, et al., Nature, 418, 856 (2002).

Ho1.7Y0.3Ti2O7
Taras Yavors’kii et al., PRL, 101, 037204 (2008).

Ho2Ti2O7

HoYTi2O7

Model of uncorrelated hexagonal spin clusters

Generalized dipolar spin ice model



Diluted Spin Ice - Ho1.7Y0.3Ti 2O7

spin-flip

non-spin-flip
400 mK 2 K 10 K



30 mK 3.6 K

spin-flip

non-spin-flip

Diluted Spin Ice - HoYTi2O7
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Monte Carlo simulations:

• The nearest neighbor exchange for Ho2Ti2O7 J = 1.56 K, and D = 1.41 K. This 
corresponds to an effective nearest-neighbor exchange Jnn = J/3 + 5D/3 = 1.83 K.
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By Prof. Y. -J. Kao & Y. Z. Chou, NTU



Ho2Ti2O7 HoYTi2O7

SF - Ho1.7Y0.3Ti2O7 NSF - Ho1.7Y0.3Ti2O7 Total - Ho1.7Y0.3Ti2O7



Projective equivalence  between the dipolar and near-neighbor spin ice models
S. V. Isakov et al., PRL 93 (2004) 167204

•Add terms of short range (r -5) correlation to yield precisely the same ground 
states of the system, and equivalent to nearest-neighbor interaction.

• entropy obeys ice law

• short range correlation projected onto low energy manifold

• Higher T, DSM is projectively equivalent to NNSM: 
doping effects on pinch point width

• Low T, DSM, long range correlation:
No clear doping effect 

Antiferromagnetic correlation at Low T NSF channel

• MC simulation predicts an  AFM order at low T

Discussions



Summary

Ho2-xYxTi 2O7 (x = 0, 0.3, 1)
• Not sensitive on doping
• Projective equivalence

Future Works
• Ho2-xYxTi 2O7 (x > 1)
• polarized neutron scattering [111] and [100] in field
• antiferromagnetic correlation: NSF @ polarized inelastic scattering

Neutron scattering works on spin-ice are supported by NSC under the project number: NSC 96-2739-M-213-001



Spin Ice along (111) - Ho2Ti 2O7

non-spin-flipspin-flip

30 mK

2 K

summation



Monte Carlo simulations
spin-flip Non-spin-flip

total

Looking for the signature  of
Magnetic Monopole 



spin-flip

Non-spin-flip

Total

In field
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